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Abstract

Introduction

A method is presented to describe the electron
scattering process at an ionization of inner-shell electrons.
The differential cross-section with the energy
transfer and the momentum transfer is calculated using
the expression of the generalized oscillator strength.
This cross-section and the total ionization cross-section
are fairly close to the results obtained by the Gryzinski
equation. The photo-absorption cross-section obtained
by the present treatment shows good agreement with the
experimental data in a wide range of the photon energy.
Based on the present treatment, the scattering angle
distribution of the primary electron is calculated.

Electron scattering phenomena have been simulated in various ways [3, 9-11, 19, 21]. Since the ionization cross-section of inner-shell electrons is not large
in the keV energy region compared to that of the conduction electrons or the excitation cross-section of the
bulk plasmon, kinematics of electron scattering with the
inner-shell electron ionization has been treated rather
roughly.
For example, in a calculation of a diffusion
range of an electron beam in solids, contribution of the
inner-shell electron ionization to the angular scattering
is less important. The major process of the angular scattering is attributed to the elastic scattering, and the
process of the energy loss can be expressed by the continuous slowing down approximation.
Namely, it is possible to simulate the diffusion range by the so-called single scattering model of electrons [19], which is based on
the screened Rutherford equation for the elastic scattering and the Bethe equation for the energy loss, with considerably high accuracy.
However, in a quantitative discussion of an angular resolved electron energy loss spectrum, not only the
inner-shell ionization process but also other major inelastic processes should be treated precisely to interpret
characteristic
variations of the spectrum.
There are
some simulation models, which take into account some
elemental inelastic scattering processes [3, 11]. It may
be possible to use an experimental energy loss function
[2], because it automatically includes all processes which
electrons undergo. In order to explain the energy loss
spectrum at a certain angular deflection, it is necessary
to accurately treat the momentum transfer at each inelastic collision.
A large momentum transfer results in a
large angular deflection of the primary electrons.
Inelastic collision processes have been frequently simulated by a classical binary collision model [21]. In the
classical treatment, however, if an amount of the energy
transfer is fixed, the scattering angle is determined by
one angle. On the other hand, in a quantum-mechanical
treatment the momentum transfer has a distribution even
at a fixed energy transfer, as described by the generalized oscillator strength (GOS).

Key Words: Ionization of inner-shell electrons, ionization cross-section, Hartree-Slater atomic wave function,
generalized oscillator strength, photo-absorption crosssection
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ionization, it can be applied to estimate the intensity of
a characteristic X-ray generated by electron beam irradiation. Kotera et al. [12] have given generation functions
of several characteristic X-rays in solids using the GOS.
Here, we present a procedure to calculate the
GOS. This procedure is essentially the same as that of
Manson's [15] with a little modified expression. We introduce first, the wave function of inner-shell electrons
and the atomic potential of a free atom at the ground
state. Next, we describe a method to calculate the GOS.
Based on the GOS, we obtain the differential and the
total ionization cross-sections and the photo-absorption
cross-section in solids. They are evaluated by comparisons with other theoretical or experimental data. Finally, based on both the momentum transfer and the energy
transfer at the collision, the scattering angle distribution
of the primary electrons is shown for a certain energy
transfer at the collision.

3.14159
the Planck constant
speed of light
Bohr radius
mass of an electron
the initial velocity of the primary electron
the Rydberg energy = 13.60 eV
The ionization cross-section based on the first
Born approximation.
0 and 1J are the initial
and the final state, respectively.
the inelastic form factor
the momentum transfer at one collision
the kinetic energy of the primary electron
the energy loss of the primary electron at the
collision
atomic potential
eigen energy of the nl-th sub-shell electrons;
negative value
energy of the ionized electron; positive value
eigen function of the nl-th sub-shell electrons
normalized wave function of the ionized
electrons
the /\-th Bessel function
the GOS for a transition from nl-th sub-shell
to a continuum state with an energy of E.
the ionization cross-section for a transition
from nl-th sub-shell to a continuum state with
an energy of E and with an angular momentum of /'.
differential cross-section of the ionization for
a transition from nl-th sub-shell to the continuum state with an energy of E.
photo-ionization
cross-section
for nl-shell
electrons
the scattering angle of the primary electron at
the collision
scattering angle of the primary electron
scattering angle of the ionized electron from
a direction of the primary electron
binding energy of an inner-shell electron
energy of the primary electron
energy of the scattered primary electron
energy of the ionized electron
energy loss of the primary electron

Theory
Atomic potential
The atomic potential at the ground state used in
the present study is the so-called Hartree-Slater potential
given by Herman and Skillman [6]. This is a simplified
Hartree-Fock potential, derived on the assumption that
the electron exchange effect between each sub-shell electron can be substituted by a single mean potential which
is calculated by the free-electron gas model.
The
Hartree-Slater potential and the Hartree-Fock potential
are compared in Figure I for Al and Cu as a function of
the radial distance from the center of the atom. The
Hartree-Fock potential is quoted from a paper of Strand
and Bonham [24]. It is found that both potentials are
fairly close. The eigen value of each sub-shell for C,
Al, Si, and Cu atoms in the Hartree-Slater model is summarized in Table 1, and compared with the experimental
value of the binding energy quoted from Jolly et al. [7].
The difference is less than 10 percent for every subshell. The eigen function for each sub-she! I electron is
used as the initial state in the later calculation of ionization cross-sections.
Generalized oscillator strength
Here, a quantum-mechanical treatment is used for
an inner-shell electron ionization by electrons, which has
been discussed by Manson [ 15]. The ionization crosssection of an atom for fast electrons is given by the
following equation at the first Born approximation:

The GOS has been originally introduced by Bethe
and the work has been intensively summarized by
Inokuti in 1971 [8]. Because of the recent computer advancements, the complicated equations can be solved accurately with less approximations.
Manson [ 15] and
McGuire [17] have introduced procedures to calculate
the GOS with the Hartree-Slater type one-electron wavefunction. Following their work [15, 17], such calculations have been carried out by Scofield [22], Leapman et
al. [13], Rez [22], Ahn and Rez [l], and Luo and Joy
[14]. Since the GOS describes the inner-shell electron
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where II is the initial velocity of an incident electron,
and subscripts O and h of a 0 ~ express the initial and the
final state of the atom, respectively.
\R is the Rydberg
energy and k is the momentum transfer. kmin and kmax
are the minimum and the maximum momentum transfer
at the collision. The inelastic form factor is expressed
by:
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Figure 2. The two-dimensional plot of the GOS, known
as the Bethe surface, for (a) Al-ls and (b) Al-2s
electrons as functions of ln(ka 0) 2 and £ 1.

Figure 1. A comparison between the Hartree-Slater and
the Hartree-Fock potentials for (a) Al and (b) Cu atoms
as a function of the atomic radius.

(2)

Table 1. The binding energy of inner-shell electrons
obtained by the Hartree-Slater wave function is compared to the experimental data.

Element
C

1s

2s

Cale.

290.8

17.53

Exp.

284.I

Cale.

1545

Cu

3p

3s
·-

118.4

1560

Cale.

1822

2
E
Et
E
E
Et
( k a ) = 2 - - - - 2 { - (- - -)
0
9t 9t
9t 9t 9t

118.3

1/2
}

cos 0

(3)

80.77
-·-

Exp.

---

7

Al

Si

2p

where 7i corresponds to the position vector of j-th electron to the colliding object. The momentum transfer
squared is determined by the following equation:

---·

---

where, 0 is the angle of scattering of the primary
electron, E 1 (= E - E0) is the loss energy of the primary
electron, and E { = (mv2)/2} is the kinetic energy of the
primary electron. The integration limits (Kmaxa0 )2 and
(Kmina0 )2 are determined from eq. (3) with 0 = 1r and 0
= 0. Using the inelastic form factor, the GOS is
expressed by the following equation:

73.3

Exp.

lfi0.7 l08. l
---·--·-·
-----1839 149.3 99.3

Cale.

8832

1062

938.3

l l 7. 4

Exp.

8979

1096

937.7

120

·-

------

77.62
--74

(4)
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Figure 3. Differential cross-sections
with electron energy loss at ionizations of (a) Al-ls, (b) Al-2p, (c) Cu-ls, and
(d) Cu-2p electrons.
The energy of the primary electron is 100 keV. The results obtained by the GOS is compared
with the results obtained by the Gryzinski equation.

calculation,
which has originally been done by Herman
and Skillman [6]. Ent is the eigen energy of nl-th subshell electrons, and the value is always negative.
The
eigenfunction
of inner-shell electrons and the atomic potential are used as the initial state for the following
ionization process.
In the final state, the inner-shell electron is free
from the atom and has a certain energy in a continuum
state, and the primary electron is also away from the
atom.
The wave function of this state is calculated
numerically from the Schrodinger equation. For the ionization process in which an electron in the nl-th sub-shell
goes to a continuum El' state, we calculated the following radial Schrodinger equation under the same central
potential U(r):

The GOS is a function of both the energy £ 1 and the
momentum k supplied to the atom. The two-dimensional
plot of the GOS is known as the Bethe surface, and
examples for Al-ls and Al-2s electrons are shown in
Figure 2. Then, the total ionization cross-section
is
obtained by an integration of the GOS with both ln(kao)2
and £ 1.
In a practical procedure, we employ a one-electron wave function of a single atom. The wave function
Pn1(r) for each n/-shell is a solution to the radial
Schrodinger equation with a central potential U(r):

(5)

(drd +U(r)+E---

where the energy is expressed in Rydberg units, and the
distance is expressed in Bohr units. The eigen function
Pn1(r), the eigen value, and the atomic potential of the
initial ground state are obtained using the Hartree-Slater

2

-
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Ionization of inner-shells
where e is the energy of the ionized electron at the continuum state, and the value is positive. We solved this
equation by the Runge-Kutta method [20] and obtained
the normalized wave function at the final state.
By integrating the matrix elements of these wave
functions of the initial and the final states as expressed
by eq. (2), the GOS and the ionization cross-section are
obtained. In order to carry out the integration of the
form factor of eq. (2) we use the expansion of a plane
wave in terms of the Bessel functions. The result is,
2
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Wigner's 3-j symbol [18]. Using these equations, the
GOS and the ionization cross-section are expressed in
the following equations:
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The GOS is a function of both the energy transfer and
the momentum transfer to the atom. The measurable
ionization cross-section for a fixed energy transfer is the
sum of the above cross-sections over all final angular
momenta /' as follows:
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Results and Discussion
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The ionization cross-sections
Figures 3a-3d show the differential cross-sections
with electron energy loss at ionizations of Al-ls, Al-2p,
Cu-ls, and Cu-2p electrons, respectively. For comparison, the cross-section of the classical Gryzinski equation
[2] is also plotted in broken lines. The data obtained by
these two methods are fairly close. As we integrate this
cross-section for all energy losses, the total ionization
cross-section for ionization of all nl-shell electrons is
obtained. Figures 4a-4c show a comparison between the
total cross-sec~ions obtained by GOS and the Gryzinski
equation for Is, 2s, and 2p electrons of Al, Si, and Cu.
Although some efforts have been made to summarize this
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Figure 4. Total ionization cross-section for (a) ls,
(b) 2s, and (c) 2p electrons of Al, Si, and Cu atoms.
Comparison between the results obtained by the GOS
and the Gryzinski equation is made.

1139

M. Kotera, K. Yamamoto and H. Suga

AI

Primary
Electron

(a)

Experiment
(Heinrich)

i--------➔ y

Figure 6. Treatment of the
scattering kinematics of a
primary electron in three
dimensions.

X

Scattered
Primary
Electron

I 03
Energy

ka,

E

[eV]

difference [ 14] the difference shows almost no systematic characteristics with neither the atomic number nor the
kind of the sub-she! I.

(b)

Si

Experiment
(Heinrich)

Optical absorption of inner-shell electrons
The photo-ionization cross-section for all n.l-shell
resulting in an ejected electron of energy t: at a continuum state is given by the zero-k limit of the GOS,
1r e

(Jopl

=--

2s

10° ~-~~~~~~-~-~~~~~-~_,
102
I 03

~

10

6

l0

5

E

leV]

ME
~

:I.

..
·.:;

Cu

..

E
0

(c)

Experiment
(Heinrich)

i:

3d

1 o'

u

C

.!:
0.

..5l

3

l0

3p

.0

'"
"'
~

~

2

l0

3s
l0

1

l0

1

2

l0

Energy

l Ir
E [eV]

l0

h

mc

limf,,,,(k)

t-,o

( 12)

·

Equation 12 gives the dipole oscillator strength
(DOS), which is proportional to the X-ray absorption coefficient (4, 13]. For an electron energy below around
100 keY, contributions of the Compton effect and pair
production can be neglected, and the photo-ionization is
the major process of the X-ray absorption, for atoms
with not very high atomic numbers. Several experimental results of the coefficient have been reported. In Figures Sa-Sc, the photo-absorption coefficients obtained by
the GOS are shown for Al, Si and Cu. Here, we compare the results with the recent data of Heinrich [5], who
gave empirical equations to fit all reliable experimental
data available for a variety of elements.
Not only the
total absorption, but also the contribution of each subshell is plotted. The absorption jump can be clearly attributed to each sub-shell's absorption edge. rt is found
that the contribution of the Cu-3d electron ionization
shows a wavy structure.
It is because of a problem in
our numerical calculation, and it is not essential.
Although the comparison is made in a logarithmic scale
and details are not always clear, the agreement is very
good in a wide range of X-ray energies.

Is

Energy

2

Scattering kinematics

4

Suppose that a primary electron with a kinetic
energy of £ 1 has an inelastic collision with an inner-shell
electron of a kinetic energy at £ 2 , and loses an energy £ 1
and transfers a momentum ka 0 . Here, the energy of the
scattered primary electron is E i', and the energy of the

Figure S. Photo-absorption coefficient obtained by the
GOS is compared with the experimental data for Al, Si,
and Cu.
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Figure 7. The GOS distribution

as a function of the momentum transfer.
The primary electron energy is 10 keV, and
the energy loss is 2, 5, 8, 9.5 keV for (a), (b), (c), and (d), respectively.
(ka 0 ) 2 min and (ka 0) 2 max are the minimum
and the maximum momentum transfers available at the collision, respectively.
(ka 0 )28 c is the momentum transfer
obtained by the classical binary collision model.
generated secondary electron is E /.
If the electron to
be scattered is weakly bound by an atom, the scattering
angle can be calculated from momentum conservation
law. According to the kinematics of this scattering, the
scattering angle of the primary electron 0 1 at the ionization of inner-shell electrons is obtained by the following
equation:

COS0
1

= EI'1+£'-£'
l
'Elf
",/"'t

"'1

2

( 14)

( 15)
where

( 13)

(16)

( 17)
The coordinate is taken as illustrated in Figure 6. If we
assume that the term (ka 0) 2 is the result of the energy
transfer from the primary electron to the secondary electron in a situation of momentum conservation,
as expressed by (ka 0) 2 = E 2 ', the following formulation can
be made:

The binding energy in metals has been defined as the
energy needed to raise an electron to the Fermi level,
rather than to the vacuum level. For a consideration
of
the Fermi energy in a simulation of electron scattering
in metals, one can use the relation of £~ = E 1 -E 8 + EF.
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the primary electrons is obtained at the fixed energy
loss. As expressed in eq. (I) the momentum transfer is
limited because the scattering angle of the primary electron is between Oto 1r. In other words, scattering angle
distributes from Oto 1r for a fixed energy transfer.
Figure 7 shows the GOS as a function of the momentum
transfer at energy loss £ 1 of 2.0, 5.0, 8.0 and 9.5 keV
for 10 keV primary electrons after Al-ls electron ionization. kmin and kmax are the minimum and the maximum
momentum
transfer
at the collision,
respectively.
(ka 0 )28 c is the momentum transfer calculated by the
classical binary collision model with eqs. (14) and (IS).
It is shown that (ka 0/ 8 c agrees well with the maximum
of the GOS distribution for relatively high energy loss.
Figure 8 shows an angular distribution of the scattered primary electrons.
The distribution is shown in a
polar plot corresponding
to the scattering shown in Figure 7. The intensity is in arbitrary unit. The figure also
shows the scattering angles obtained by the classical binary collision model, and the angles are calculated by
eqs. (14) and (IS). As found in the figure, the intensity
obtained by the GOS distributes around the angle given
by the classical model. In order to obtain these distributions, the GOS distributions are multiplied by 21rsin8 for
a given scattering angle 0. That is the reason why the
intensities at zero radian and at 1r radian are zero. It is
also the reason why although the most probable momentum transfer of the GOS agrees with that of the classical
binary collision model, the most probable scattering
angles do not always agree.
Not only the scattering angle distribution
for the
primary electrons, but also the distribution for the secondary electrons generated by the collision may be derived, if the initial energy and the momentum of the inner-shell electron at the ground state is known.
It is
possible to assume these intial conditions using the radial wave function and the radial potential distribution of
the inner-shell electron given above. Therefore, the initial state of an inner-shell electron may be given statistically by the probability function, and this problem may
be solved by the Monte Carlo method.
This method
gives a reasonable extension of the classical treatment on
the angular distribution based on the quantum-mechanical treatment.
However, this is approximately
valid for
a quasi-free scattering, in which the binding of a struck
electron is almost negligible.
The right expression of
the scattering angle distribution of the ionized electrons
should contain the phase-shift difference as expressed by
Manson er al. [ 16], and not just the GOS. They have
derived the triple differential
cross-section,
that is,
differential in the energy of the ionized electron, differential in the direction of the ionized electron, and differential in the direction of the scattered primary electron.

(b)

Scattcrc<l PE
E,

K. Yamamoto

GOS

Figure 8. Scattering

angle distribution of the primary
electrons at the collision.
Each distribution from (a) to
(d) corresponds
to the energy transfer shown in Figure
7. The label "GOS" shows the distribution obtained by
the GOS, and "BC" shows the angle obtained by the
classical binary collision model.
The expressions ofeqs. (14)-(17) are frequently used in
electron scattering
simulations,
as the result of the
classical binary collision model or the classical binary
encounter approximation.
If an electron to be scattered
is free, that is £ 8 = 0, the energy conservation law can
be applied. Then, the angle between two scattered electrons, that is 8 1 + 8 2 , derived by eqs. (14) and (15)
after the collision is 90°. The maximum scattering angle
of the primary electron is 90°. One substantial characteristics of this analysis is that the scattering angle is
fixed to be only one direction
for a certain energy
transfer.
On the other hand, in the present treatment of the
scattering using the GOS, we can use the relation between the energy and the momentum transfers, as expressed by the Bethe surface [8], and full use of eq. ( 13)
is possible in this treatment.
The angular distribution of

Conclusions
For a quantitative
discussion of an angular resolved electron energy loss spectrum, it should be necessary to treat precisely
the scattering
kinematics
of
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incident primary electrons and the scattered electrons.
Here, the generalized oscillator strength is introduced in
the inner-shell electron ionization process. The HartreeSlater atomic potential we used as the initial ground state
of an atom is close to the Hartree-Fock atomic potential.
The differential cross-section and the total cross-section
derived from the generalized oscillator strength are evaluated by a comparison with the data obtained by the
Gryzinski equation. The photo-absorption cross-section
obtained by the generalized oscillator strength is also
evaluated by a comparison with experimental data, and
the agreement is very good in a wide range of photon energy. Taking into account both the energy and the momentum transfers at the ionization of inner-shell electrons, the scattering angle distribution of the primary
electron is described. The intensity distributes around
the angle given by the classical binary collision model.
The most probable angle at the distribution almost
agrees with the angle which is given by the classical
model. In order to interpret characteristic variations of
the practical energy loss spectrum or that of the angular
distribution of the scattered electrons, the present treatment is much preferable rather than the classical model.
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Discussion with Reviewers
P. Rez: How are the continuum wave functions normalized?
Authors: The normalization procedure we used is the
same as the Mason's procedure [15). Details of this
procedure is written in the Appendix in the paper:
Cooper JW (1962). Photoionization from outer atomic
sub-shells. A model study. Phys. Rev. 128, 681-693;
with a corrected expression by: Manson ST, Cooper JW.
(1968). Photo-ionization in the soft X-ray range:
Z-dependence in a central-potential model. Phys. Rev.
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165, 126-138.
F. Hasselbach: Assume that we are interested in the
spatial distribution of backscattered electrons or secondary emission from the surface of a bulk specimen. How
large are the modifications caused by your sophisticated
calculation when you compare your results with those
obtained by the single scattering model?
Authors: The largest difference of the present treatment
from the single scattering model, using the classical binary collision model, is in whether the scattering angle
at a fixed energy loss shows a distribution or not. In
another situation, the difference is in whether the energy
loss at a fixed scattering angle has a spectrum or not. In
Figure 8 we have shown the relative amplitude of the
angular distribution in a polar plot. If we are interested
in the angular distribution or the energy distribution of
singly scattered electrons at the specimen surface, the
influence of the difference is significant.
However, if
we are interested in the backscattered electrons which
have been produced by multiple collisions in a solid with
a various types of inelastic scattering, the influence of
the difference discussed above may be negligible.
H. Niedrig: What changes are to be expected for atoms
of higher atomic numbers than Z = 29 (Cu)?
Authors: As discussed in the text, the difference in the
ionization cross-section obtained by the GOS and that
obtained by the Gryzinski equation shows almost no systematic characteristics with neither the atomic number
nor the kind of the sub-shell.
It is difficult to summarize or to guess this difference as a function of the
atomic number, and one has to calculate in each case.
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